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The number of crossing-free Hamiltonian circuits in planar drawings of K, is 
studied. In particular, it is shown that for planar drawings of K,, (1) there are 
drawings having as many as (3/20) . 10 1 n’3 1 such circuits and (2) no drawing 
contains more than 2 . 6n-2( [n/2 J)! 
I. INTRODUCTION 
In K,, the complete graph of n vertices, there are (n - 1)!/2 Hamiltonian 
circuits. Depending upon how K, is drawn,’ a particular Hamiltonian cir- 
cuit may or may not have edges that cross one another; in the latter case 
the Hamiltonian circuit is called crossing-free. If all edges in a drawing are 
straight lines, the drawing is rectilinear. We refer to crossing-free Hamilto- 
nian circuits as n-circuits, and as n-gons when they are in rectilinear 
drawings. We let #(D) ($(D)) denote the number of n-circuits (n-gons) in a 
(rectilinear) drawing D. Our purpose in this paper is to consider the 
following four problems related to the number of n-circuits in drawings of 
K, : 
* This research was supported in part by the National Research Council of Canada Grants 
NSERC 3069 and NSERC A 3599. 
’ All drawings considered in this paper are planar. 
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(1) Determine Q(n), the greatest number of n-circuits in any drawing 
of K,. 
(2) Which drawings of K, achieve this greatest number of n-circuits? 
(We refer to such drawings as n-circuit optimal.) 
(3) Determine s(n), the greatest number of n-gons in any rectilinear 
drawing of K,. 
(4) Which rectilinear drawings of K, achieve this greatest number of 
n-gons? (We refer to such drawings as n-gon optimal.) $ 
In the next section, Section II, we present answers to these problems for 
n < 6 and drawings of K, and K, which are thought to be optimal. A 
drawing that establishes a lower bound on s(9) is also given. However, we 
are unable to answer these problems for arbitrary n. In Section III, we 
establish that 
s(n) 2 (3/20) + 101”‘3! 0) 
Attempts to find an upper bound on q(n) of the form c . a” have been unsuc- 
cessful; we are only able to show in Section IV that: 
s(n) < 2 . 6’-2( In/:! I)! (2) 
II. SUMMARY OF RESULTS FOR n < 9 
The drawings of K,, K,, K,, and K, presented in Fig. 1, 2, 3, and 4, 
respectively, can be shown to be n-circuit optimal. These drawings are 
rectilinear establishing that Q(3) = s(3) = 1, a(4) = s(4) = 3, a(5) = 
@(5) = 8, and G(6) = s(6) = 29. 
Extensive analysis of many drawings of K, and K, yields: (P(7) > 96, 
s(7) > 92, e(8) > 399, @8) > 339. Figs. Sa,b present two nonisomorphic 
drawings of K, with 96 ‘I-circuits. Fig. SC presents a rectilinear drawing of 
K, with 92 7-gons. Fig. 6a presents a drawing of K, with 399 8-circuits. 
Fig. 6b presents a rectilinear drawing of K, with 339 8-gons. It is believed 
that these are all optimal drawings. The crossing number optimal drawing of 
K, shown in Fig. 7 establishes that Q(9) > 1228. (A computer program 
FIG. 1. Drawing of K, showing a(3) = 8(3) = 1. 
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FIG. 2. Drawing of K4 showing G(4) = s(4) = 3. 
FIG. 3. Drawing of K, showing Q(5) = s(5) = 8. 
FIG. 4. Drawing of K, showing Q(6) = s(6) = 29. 
provided these counts. Inputs to the program for a given drawing were the 
number of vertices and a list of the 4-tuples representing edge crossings.) 
There seems to be a close relation between n-circuit optimal drawings and 
crossing number optimal drawings studied by Guy [ 1,2] and Guy and Erdtis 
[ 31. In particular the reader can observe that for n = 3, 4, 5, and 6, n-circuit 
optimal drawings are also crossing number optimal drawings. It is not 
known whether this is generally true. The drawings of K, and K, in Figs. 
582b/29/1-2 
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FIG. 7. Drawing of K, with $= 1228. 
5a, b, and 6a are crossing number optimal and are also believed to be n- 
circuit optimal. Drawings that are crossing number optimal are not 
necessarily n-circuit or n-gon optimal. There are, for example, five 
nonisomorphic drawings of K, that are crossing number optimal. Three are 
rectilinear [4]. The two nonrectilinear drawings each have 96 7-circuits but 
of the three that can be drawn with straight lines, one has 92 7-gons 
(Fig. SC), another has 91 (Fig. 5d), and the third has 87 (Fig. 5e). 
A summary of the results established in this section is shown in Table I. 
TABLE I 
Summary of Results 
n 3 4 5 6 7 8 9 
@(4 1 3 8 29 >96 2399 - 
@w 1 3 8 29 292 2339 21228 
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1II.A LOWER BOUND ON s(n) 
In this section, we show that for n & 6, there exists a rectilinear drawing of 
K, having 4(n) > (3/20) - 10 In’3! We assume first that n is divisible by 3 so 
n = 3m. Let the vertices of K, be the vertices of m concentric triangles and 
let the edges be straight line segments connecting all pairs of vertices.2 To 
show that such a drawing has at least the indicated number of n-gons, 
consider the following algorithm for constructing one of them. (Fig. 8 
illustrates the algorithm for the case of n = 12.) 
ALGORITHM 1. Number 
beginning with the outermost. 
the triangles consecutively from 1 to m 
Step 1. it 1. 
Step 2. Place two edges in triangle i. (Two edges can be inserted in 
the outermost triangle in three ways.) 
Step 3. Join the two vertices of triangle i which are the ends of the 
partially constructed path to two vertices of triangle i + 1 without 
introducing a crossing. (The connections can be made in six ways, but only 
five avoid creating a crossing.) 
Step 4. (Test: Are there more triangles with vertices not on the 
partially constructed path?) i +i+ 1. If i=m, go to Step 6. 
Step 5. Join the unconnected vertex of triangle i to one of the ends of 
the partially constructed path. (The connection can be made in two ways.) 
Return to Step 3. 
Step 6. Join the unconnected vertex of triangle m to both ends of the 
partially constructed path. (This can be done in exactly one way.) Stop. 
The number of different 
is: 
n-gons that can be constructed by this procedure 
3 . 5m-1 . 2m-2 . 1 = (3/20) . 1O”‘3 (3) 
s3 Gig3 w Sq 
For n not divisible by 3, the construction procedure is essentially the same 
and the details are omitted from this paper. We simply point out that the 
innermost triangle is replaced by a single point when n = 3m + 1 or by a 
* In order that straight line segments connecting vertices of nonadjacent triangles do not 
pass through other vertices, the triangles are assumed to be rotated slightly about the center. 
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(a) (b) 
(e> 
Cd) 
FIG. 8. Illustration of construction procedure for n = 12: (a) after Step 2, (b) after Step 
3, (c) after Step 5, (d) after Step 3, (e) after Step 5, (f’) after Step 3, (g) after Step 6. 
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pair of points when n = 3m + 2. The “integer part of’ function becomes 
required in (3) giving: 
s(n) > (3/20) a 101”j3 I 
IV. A THEOREM ON THE NUMBER OF n-gons IN A RECTILINEAR DRAWING 
An n-gon is uniquely described by an ordered list of its vertices. For 
example, the 14-gon shown in Fig. 9 is described by (1, 7, 4, 3, 6, 9, 8, 11, 
FIG. 9. A I4-gon. x-y coordinates of vertices are given as subscripts. 
13, 12, 14, 10, 5, 2, 1). Alternatively, one can specify the n edges of an n- 
gon. In the case of the 14-gon, we have: 1 . 7, 7 . 4, 4 . 3, 3 . 6, 6 . 9, 9 . 8, 
8. 11, 11 . 13, 13 . 12, 12. 14, 14. 10, 10. 5,5 . 2,2. 1. However, it isnot 
necessary to specify all n edges to describe an n-gon in a given rectilinear 
drawing. If certain of the edges are specified, the stipulation that no edges 
cross may provide enough information to uniquely specify the remainder. 
For example, the 14-gon, with vertices having the given integer coordinates, 
can be described by specifying the following 10 of its 14 edges: 3 . 6, 6 . 9, 
9 . 8, 8 . 11, 11 . 13, 13 . 12, 12 . 14, 14 . 10, 10 . 5, 5 . 2. Edges 3 . 4,4 . 7, 
7 . 1, 1 . 2 are implicitly specified when given the other 10 edges. The reader 
might verify that, in fact, the 14-gon can be described by specifying only 7 of 
its 14 edges: 3 . 6, 6 . 9, 9 . 8, 8 . 11, 12 . 14, 14 . 10, 10 . 5. This suggests a 
fifth problem. 
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(5) 
describe 
Determine the minimum number of edges that 
a given n-gon in a given rectilinear drawing of 
must be specified to 
Unfortunately, for all n, there exist n-gons in drawings of K, whose 
description requires the specification of at least n - 3 edges. However, it can 
be shown that no more than half the edges need be specified if, in addition, 
each vertex of a given n-gon is characterized by a little information. 
To discuss this more precisely, it is convenient to establish some 
conventions and terminology. Let us imagine that the drawing of K, is 
placed in an orthogonal coordinate system so that we can associate relative 
directions of up, down, left, and right in the usual way. Let us also assume, 
without loss of generality, that no edge i . j is vertical. We can say that 
certain edges bound the interior of the rt-gon from above and others bound it 
from below. More formally: 
DEFINITION 1. An edge i . j is an overedge if there is a point p vertically 
below some point of i . j such that the interior of the triangle with vertices i, 
j, p is in the interior of the n-gon. Otherwise i e j is an underedge. 
DEFINITION 2. A sequence of adjacent overedges is an overpath. An 
overpath is maximal if the edges incident with its ends are underedges. 
Similarly one defines underpath and maximal underpath. 
In the 14-gon edges 1 . 7, 3 . 6, 6 . 9, 8 . 11, 11 . 13, 12 . 14 are overedges 
and 1 . 2, 2. 5, 5 a 10, 10. 14, 12. 13, 9. 8, 3 a 4, 4. 7 are underedges. 
There are four maximal overpaths: (a) 1 . 7, (b) 3 . 6, 6 . 9, (c) 8 . 11, 
11 . 13, (d) 12 . 14. There are also four maximal underpaths. 
DEFINITION 3. If some point of i . j is vertically above some (distinct) 
point of m . n, we say that i . j is above m . n or m . n is below i . j. 
We next categorize each vertex as belonging to one of six classes. 
DEFINITION 4. Vertex j is an oververtex if both incident edges are 
overedges, and an under-vertex if both are underedges. If j is incident with an 
overedge and an underedge, then it is an interior vertex if the overedge is 
below the underedge, and an exterior vertex if the overedge is above the 
underedge. We further subdivide these last two categories and say that j is a 
left-interior vertex if it is an interior vertex and if it also lies to the left of 
both adjacent vertices. We likewise define left-exterior, right interior, and 
right-exterior vertex. 
In the 14-gon, vertices 6 and 11 are oververtices, vertices 2, 4, 5, and 10 
are undervertices, vertices 3 and 12 are left-interior vertices, vertices 1 and 8 
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are left-exterior vertices, vertex 9 is a right-interior vertex, and vertices 7, 13, 
and 14 are right-exterior vertices. 
As a consequence of the Jordan Curve Theorem, we have: 
LEMMA 1. Any vertical line drawn through an n-gon will alternately 
intersect overedges and underedges, beginning from the top with an overedge 
and ending at the bottom with an underedge. 
THEOREM 1. Given n vertices in the plane, an n-gon on these vertices is 
uniquely described by the specification of its overedges and the classification 
of its vertices. 
Proof. Begin with a drawing showing all overedges (thus implicitly, all 
maximal overpaths) and showing the classification of all vertices. The 
following algorithm constructs the maximal underpaths one at a time until 
the n-gon is complete. 
ALGORITHM 2. Let there be m left-interior and left-exterior vertices in 
the drawing and let I,, denote the 4th such vertex from the right. For each 
vertex L, there corresponds a maximal overpath with L, as the leftmost 
vertex. (Fig. 10 shows the overedges, the classification of each vertex, and 
L,, L,, L,, and L, for the 14-gon; m = 4.) 
Step 1. q+- 1. 
FIG. 10. Overedges and classification of vertices for 14-gon. Leftmost 
overpaths are L, , L,, L,, and L,. (Note that LE is a left-exterior vertex, etc.) 
vertices on 
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Step 2. (Steps 2 and 3 construct each maximal underpath.).Insert the 
straight line segment L, . j, where j is the first undervertex, right-exterior 
vertex, or right-interior vertex to the right of L, such that: 
(1) L, . j does not cross any edge already drawn and 
(2) the insertion of L, . j is consistent with the indicated class of L, 
and also with the indicated class of j if j is a right-exterior or right-interior 
vertex. 
Step 3. If j is an undervertex, then L, + j and return to Step 2; 
otherwise go to Step 4. 
Step 4. If q < m, then q + q + 1 and return to Step 2; otherwise stop. 
Note that any edge inserted in Step 2 must be joined to a vertex to the 
right of L, since only underedges are being inserted. Suppose L, - k were 
inserted instead of L, . j as prescribed by Algorithm 2. Step 2 of Algorithm 2 
implies that k would have to be to the right of j. But then Lemma 1 would be 
violated because there would be two underbranches that were not separated 
by an overbranch on a vertical line drawn just to the left of node j. 
We now use Theorem 1 to place an upper bound on the number of it-gons 
in any drawing of K, : 
(1) Choose the coordinate directions so there are at least as many 
underedges as overedges. (This is a binary choice.) 
(2) Based on (l), assign ascending integers to the vertices as they 
appear in the drawing from left to right. 
(3) Classify each vertex. (This can be done in at most 6”-* ways since 
the leftmost vertex must be a left-exterior vertex and the rightmost a right- 
exterior vertex.) 
(4) Place ,/‘s by the oververtices, left-interior vertices, and left- 
exterior vertices. Place X’s by the oververtices, right-interior vertices,, and 
right-exterior vertices. 
(5) Number the X’d vertices from left to right with a primed integer 
l’, 2’, 3’,..., etc. 
(6) By each $d vertex, indicate the X’d vertex to the right of the $d 
vertex to which the latter is joined by an overedge. (Since there are at most 
[n/2 J overedges, there are at most ( [n/2 J)! different ways this can be done.) 
Thus we have that the number of rt-gons in any drawing of K, is at most: 
2 . (j-2 . (b/21)! = 2 . tjn-*( in/2 j)! 
stet;cs 
For example, the 14-gon is described by these six steps as shown in Table II. 
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